An equation similar to the Goldman equation is derived for the steady-state diffusion of univalent ions across a membrane with arbitrary potential profile and in the presence of electrogenic pumps. The presence of electrogenic pumps adds a term proportional to the net pump flux to both numerator and denominator in the Goldman equation. For arbitrary potential profiles the permeabilities of the positive ions are all divided by one potential-dependent factor and the permeabilities of the negative ions are divided by another such factor. Both factors are determined by the potential function and tend to vary inversely. If the symmetric part of the potential function is zero, both factors are equal to 1.0. Hence in the general form of the Goldman equation the relative contributions of the positive and negative ions are weighted by factors that are easily calculated if the potential function is known.
INTRODUCTION
Since Goldman [1] published his paper in 1943, the constant field equation has been used widely, although the constant field assumption has been criticized repeatedly as being unrealistic. In his book, Cole [2] comments on the widespread use and the limitations of the constant field equation. Nonetheless, the constant field equation has been used for obtaining relative permeabilities in steady states and in the transient state at the peak of the action potential [3-61, at which point net current flow across the membrane is zero.
Many of the recent criticisms of the constant field equation have been directed to the question of the strict applicability of the constant field assumption.
Zelman [7] pointed out a mathematical inconsistency: the strict electroneutrality assumption in conjunction with the Nernst-Planck flux equations leads to an overdetermined set of equations. Friedman [8] showed that the constant field assumption holds rigorously for an uncharged membrane if univalent ions are present only if the total concentration of ions is independent of distance in the membrane and that in general this implies that all fluxes are zero. For a charged membrane the constant field equation holds if the uniform charge density in the membrane is sufficient to exclude any coions from the membrane. Recently Arndt et al. [9] have shown that for a neutral membrane and steady state, the constant field assumption is exact for exact electroneutrality if the total number of ions of one valence is the same on both sides of the membrane. Some of these findings have been reported before and may be found in the book by Johnson et al. [IO] . In the derivation of the constant field equation it is assumed that the sum of the electrodiffusion fluxes is zero, so that, as has been pointed out by Geduldig [I l] and others, it does not hold if electrogenic pumps are present. MacGillivray and Hare [12] develop an asymptotic expansion of the solution for arbitrary potential function in terms of a parameter x-l, where CX' = /i,/iRT/F2NL', L is membrane thickness, N the concentration of fixed charge, IC,, the permittivity of free space and ti the dielectric constant for the membrane. They show that the constant field assumption is a good approximation if yz is large and they conclude that for a 100-A membrane of lipid the fixed charge concentration must be very low for the assumption to be applicable. Many of these criticisms miss the mark. For the electrophysiologist the important problem is to define the range of potential profiles for which the constant field equation holds and, when it does not hold, to obtain estimates of the error incurred by using it. The question of constancy of the field is of less importance.
In fact, we know that if only univalent ions of one sign are involved, the constant field equation holds for arbitrary potential projiile [3, 13, 141 and Barr [14] has shown that if both positive and negative univalent ions are involved, the constant field equation still holds provided the potential profile is an odd function of distance from an origin of coordinates centered in the membrane. In this article I develop a general solution for the steady-state electrodiffusion of univalent ions across a membrane for arbitrary potential profile and in the presence of electrogenic pumps. From this result it is easy to derive the conditions under which the constant field equation holds and incidentally to examine the effect of nonconstant ionic mobilities.
THEORY

The Constant Field Equation for the D@usion Potential
First I recapitulate the standard derivation [IO, 151 in brief, to serve as a basis for later argumentation.
Let us assume an infinite plane membrane of thickness a separating two solutions. For purposes of symmetry it will be convenient for us to place the origin of coordinates at the center of the membrane, so the membrane extends from x = -a/2 to x = a/2. (1)
In Eq. (1) Jk is the flux of the kth ion, uk its mobility in the membrane, z, its sign, c, its concentration, and 4(x) is the electrical potential at x. The electric field is assumed to vary only in the x direction. Another equation that must hold is Poisson's equation:
In Eq. (2) p(x) is the charge density, K the dielectric constant of the medium, and liO the permittivity of free space. The constant field assumption is equivalent to assuming strict electroneutrality at all points, so that the charge density is zero and Poisson's equation reduces to Laplace's equation. Then, if V/is the potential difference across the membrane, Eq. (3) gives the constant field.
We also assume that only univalent ions have nonzero fluxes and that a steady state holds, so that Jk is independent of x. Then Eq. (1) becomes a first-order linear differential equation in the concenrration and may be integrated to give
Solving for the flux and factoring out a factor of exp(-Fz,V/2RT) gives
In general, there may be potential jumps between the bulk phases and the adjacent surface of the membrane. The standard assumption [IO, 151 is that an ion is in equilibrium between bulk and adjacent surface phases. Let the potentials in outer and inner bulk phases be denoted by 4, and c$~, respectively, and at the membrane surfaces by c$( -a/2) and +(a/2).
Define the potential jumps as V, = 4(-a/2) -4, and Vi = $i -&a/2).
Then the equilibrium assumption gives Eq. (6) for the relations between the concentrations in the bulk phases and adjacent surfaces for positive and negative ions, respectively.
In Eq. (6) Cik($.), c,~( +) and Cii( -) and c,~(-) are bulk phase concentrations for kth positive and ,jth 'negative ions, respectively, and 6, and b, are partition coefficients that are independent of the potential jumps at the surfaces. The permeability is defined by Eq. (7), in which D, is the diffusion coefficient in the membrane for the kth ion. Then, integration of the flux Eq. (1) gives Eq. (11) and (12) (11) and (12) may be written in terms of the mean values of l/u, and l/uj as defined by Eqs. (13) and (14) .
-a/2 uj(x> For our purposes u", and iij are not the mean values of uk and uj but are explicitly defined by Eqs. (13) and (14) . Note that the mean values l/u", and l/Cj are with respect to different weighting functions for the positive and for the negative ions. Solving Eqs. (11) and (12) for the fluxes leads then to Eqs. (15) and (16) 
The first term of Eq. (17) Using the mean value law, integrals I and I1 may be written as in Eqs. (I 8) and (19) . 
The Membrane Potential
The potential V in Eq. (26) is the potential across the membrane,
V = &a/2) -$(-a/2).
To obtain the measurable membrane potential, add V, and Vi, as was done in obtaining Eq. (9), to obtain Eq. (27) in which the pump current density has been substituted for -J,F.
&(Pk/q)C,,( +) + Z,Z; I 'j(Pj/h)Cij( -) +
A (i,RTwZ,/VF2) 'k(P,/g)Ci,( +) + Z,Z; "j(Pj/h)C,j( -) + (i,RTwZ;
'/VF') 1 ' [17] has derived an equation similar to Eq. (27) but his apparent permeabilities are rate coefficients, which include a nonspecified dependence on the potential and the concentrations.
In the derivations I have used concentrations throughout. The equations are rigorously true if concentrations are replaced by activities.
DISCUSSION AND CONCLUSIONS
Now let us examine and summarize the nature of the solution, Eq. (27), for different types of membranes, and characterize the solution in terms of the values that g, /I, and w assume. In order to obtain some feel for the variation of g, h, and w with changes in the potential function, a number of potential functions were chosen arbitrarily. However, one of the current pictures of the cell membrane is included, that which views the cell membrane as a neutral lipid membrane with a dipole layer due to the charged groups on the phospholipids on each surface, the two dipole layers being oppositely oriented. In the computations that are cited I assume a 100 A-thick membrane of dielectric constant 5 and V = 100 mV. The mKS system of units was used throughout.
Overall Neutral Membranes
Microscopic neutrality
If the membrane is everywhere neutral, the charge density p(x) is zero everywhere in the membrane.
Then the potential is the constant field potential, (p = Vx/a, g = h = 1, and w = 1. If Jp = 0, the constant field equation holds with apparent permeabilities pk = P, and pj = Z,Z;lPj for positive and negative ions, respectively.
Macroscopic neutrality
Assume the charge density is not zero everywhere but the net charge is zero:
Then the potential is not linear. There are two cases to consider. Table 1 . Note that as the number of sign changes in C(X) increases, g and /j come closer together and in fact both approach the value 1.0; and that this is true when the antisymmetric part of the potential function is linear (n = 0) and when it contains substantial nonlinear components (II = + 1, -1). 
Membranes with Net Charge
Let p be the mean net charge density. Then the charge density may be written as j5 + p(x) where p(x) has zero mean value across the membrane. Thus Poisson's equation may be written as in Eq. (31). 
If the net charge is negative, C is positive, so that the larger C is, the smaller must be the mean value g(5) and the larger h(5) must be. But if C is large enough, the terms in the negative ions in Eq. (27) 
